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We measure the expansion rate of the recent Universe and the calibration scale of the baryon
acoustic oscillation (BAO) from low-redshift data. BAO relies on the calibration scale, i.e., the
sound horizon at the end of drag epoch rd, which often imposes a prior of the cosmic microwave
background (CMB) measurement from the Planck satellite. In order to make really independent
measurements of H0, we leave rd completely free and use the BAO datasets combined with the 31
observational H(z) data (OHD) and GW170817. For the two model-independent reconstructions of
H(z), we obtain H0 = 69.66
+5.88
−6.63 km s
−1 Mpc−1, rd = 148.56+3.65−4.08 Mpc in the cubic expansion, and
H0 = 71.13± 2.91 km s−1 Mpc−1, rd = 148.48+3.73−3.74 Mpc in the polynomial expansion, and we find
that the values of sound horizon rd are consistent with the estimate derived from the Planck CMB
data assuming a flat ΛCDM model.
I. INTRODUCTION
In the past few years, cosmological parameters have been measured with unprecedented precision. In particular,
the cosmic microwave background (CMB) experiments, such as WMAP and Planck, played a key role. The Planck
Collaboration presents the strongest constraints to date on key parameters, such as the Hubble constant H0. H0
cannot be measured by CMB experiments directly, but can be inferred once the other cosmological parameters are
determined by global fitting. In the ΛCDM model, Planck find a lower value of H0 in the first data release [1], and
report the updated results, H0 = 67.27±0.60 km s−1 Mpc−1, in the final data release [2]. The constraint of H0 in CMB
measurement relies on the choice of cosmological model. At present, although the ΛCDM model is basically successful
in fitting available cosmological data, it is still challenged by some compatibility tests at low and high redshifts.
Recently, the discrepancy in the Hubble constant measured from low and high redshift probes have attracted a lot
of attentions. In particular, SH0ES (Supernovae and H0 for the Equation of State) project [3] constructed a local
distance ladder approach from the Cepheids to measure H0. The local measurement of H0 is model-independent as
it does not depend on cosmological assumptions. They improve the accuracy of H0 and publish the updated results
as H0 = 74.03± 1.42 km s−1 Mpc−1 [4], which increases the tension with the final result of Planck to 4.4σ.
In the absence of systematic errors in both measurements, the model-dependent CMB measurement should be
consistent with the model-independent local measurements if the standard cosmological model is correct. The tension
could provide evidence of physics beyond the standard model. With clear motivation, extensive research has been
done on extended models beyond the standard model to alleviate inconsistencies between data sets. For example,
see Ref. [5–18]. On the other hand, a growing number of other measurements independently provide measurements
of the Hubble constant. The H0LiCOW collaboration [19] present another independent approach to measure H0 by
the time delay from lensing. In a flat ΛCDM cosmology, they provide a latest value H0 = 73.3
+1.7
−1.8 km s
−1 Mpc−1
(2.4% precision) [20]. It is consistent with the local measurement of H0 by the distance ladder, but in 3.2σ tension
with respect to the CMB data from Planck satellite. This method is independent of both the distance ladder and
other cosmological probes. In addition, the Advanced LIGO and Virgo report a gravitational-wave measurement of
the Hubble constant H0 = 70
+12
−8 km s
−1 Mpc−1 using the gravitational wave signal from the merger of a binary
neutron-star system [21]. The red giant branch method provides one of the most accurate means of measuring the
distances to nearby galaxies. Recently, using the revised measurement, Ref. [22] report H0 = 69.6 ± 0.8 km s−1
Mpc−1.
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2The baryon acoustic oscillation (BAO) surveys provide measurements of three types DA(z)/rd, DV (z)/rd and
H(z)rd, where rd is the comoving size of sound horizon at the end of the baryon drag epoch [23, 24]. The Hubble
constant H0 and sound horizon rd are closely related and link the late-time and early-time cosmology. If we measure
H0 using the BAO data, an independent distance calibration is required. In other words, rd is the standard ruler
which calibrates the distance scale measurements of BAO. In general, rd relies on the physical properties of the early
universe, which can be constrained by the precise CMB observations. The CMB measurement relies on the assumption
of a ΛCDM model to constrain the cosmological parameters. In most all of BAO measurements rd often be imposed
a Gaussian prior of rd from CMB. In this sense, the constraint on the Hubble constant by using BAO data, for
example Ref. [25], is not completely independent on the CMB data. Instead of early-time physical calibration of rd,
an alternative approach is to combine BAO measurements with other low-redshift observations.
Planck public available MCMC chains give rd = 147.05 ± 0.30 Mpc in ΛCDM model. This is a model-dependent
theoretical expectation determined from the CMB measurement. Assuming the cold dark matter model with a
cosmological constant, Ref. [26] take the sound horizon at radiation drag as a ruler, determine rd = 142.8± 3.7 Mpc
by adding the clocks and the local H0 measurement to the SNe and BAO. They find excellent agreement with the
derived quantity of the sound horizon deduced from Planck data. In the spline models for the expansion history
H(z), Bernal et al. obtain rd = 136.8 ± 4.0 Mpc, and rd = 133.0 ± 4.7 Mpc when Ωk is left as a free parameter
from the BAO, SNe Ia and local measurement without CMB-derived rd prior [27]. Combining the data sets from
clocks, SNe, BAO and local measurement of H0, Verde et al. found rd = 143.9± 3.1 Mpc with a flat curvature [28].
Then, using BAO measurements and SNe Ia, calibrated with time-delay from H0LiCOW, Aylor et al. infer the sound
horizon rd = 139.3
+4.8
−4.4 Mpc in ΛCDM model [29]. Using the inverse distance ladder method, Dark Energy Survey
Collaboration find rd = 145.2 ± 18.5 Mpc from SNe Ia and BAO measurements [30]. In their analysis, they adopt a
prior on rd taken from the Planck 2018. Using the supernovae Ia and BAO measurements combined with H0 from
H0LiCOW, Ref. [31] provide the sound horizon at recombination rd = 137.0± 4.5 Mpc in the polynomial expansion
of H(z). This apparent discrepancy come from fitting the BAO measurements with or without a prior of CMB from
Planck. Comparing the sound horizon obtained from the low-redshift data with the value derived from Planck may
give us a better understanding of the discordance between the data sets or reveal new physics beyond the standard
model.
In order to solve the discrepancy of H0 and rd from early and late universe, using the recent low-redshift data to
constrain the sound horizon of early universe is the main motivation of this paper. In our analysis, we consider the
ΛCDM model and two model-independent reconstructions of H(z). Without any assumption about the early-time
physics, we set the standard ruler rd of BAO as a free parameter. Combining BAO with observational H(z) data and
gravitational wave measurement, we measure the Hubble constant H0 and sound horizon rd regardless of the early
time physics. In section II we introduce the reconstruction of H(z). The data sets and methodology used in this
paper are shown in section III. In section IV we present the results of sound horizon without assuming any early-time
physics. We summarize the conclusions in the last section.
II. THE RECONSTRUCTION OF H(z)
We will perform our analyses with following three different form of H(z).
Firstly, in flat ΛCDM model the Hubble parameter can be expressed as
H(z) = H0
√
Ωm(1 + z)3 + ΩΛ, (1)
where ΩΛ = 1− Ωm.
Secondly, in order to avoid working within a specific cosmological model, we try to reconstruct H(z) in the a
model-independent way. The Hubble parameter is expressed as a cubic expansion of scale factor (1− a),
H(z) = H0
[
1 + h1(1− a) + h2(1− a)2 + h3(1− a)3
]
. (2)
We can easily determine H0 from the corresponding reconstructed H(z) ranges.
The third one is a polynomal expansion of H(z). We follow [32] and Taylor expand the scale factor with respect
to cosmological time. Then the Hubble parameters H(t), deceleration parameters q(t), jerk parameters j(t) and snap
parameters s(t) are defined as
H(t) =
1
a
da
dt
, q(t) = −1
a
d2a
dt2
[
1
a
da
dt
]−2
, j(t) =
1
a
d3a
dt3
[
1
a
da
dt
]−3
, s(t) =
1
a
d4a
dt4
[
1
a
da
dt
]−4
. (3)
3Using these parameters, the Hubble parameter can be parameterized as a polynomial expansion
H(z) =H0 +
dH
dz
∣∣∣
z=0
z +
1
2!
d2H
dz2
∣∣∣
z=0
z2 +
1
3!
d3H
dz3
∣∣∣
z=0
z3 +
1
4!
d4H
dz4
∣∣∣
z=0
z4 + · · · (4)
=H0
[
1 + (1 + q0)z +
1
2
(j0 − q20)z2 +
1
6
(3q20 + 3q
3
0 − 4q0j0 − 3j0 − s0)z3 +O(z4)
]
(5)
where the subscript “0” indicates the parameters at the present epoch (z = 0).
III. DATA
We use the observational datasets including the measurements of the BAO, observational H(z) data (OHD) and
GW170817. For BAO measurement the angular diameter distance DA and the volume-averaged scale DV are related
to H(z) by
DA(z) =
1
1 + z
∫ z
0
dz′
H(z′)
, DV (z) =
[
(1 + z)2D2A(z)
z
H(z)
]1/3
. (6)
The sound horizon is given by
rd =
∫ ∞
zd
cs(z)
H(z)
dz, (7)
where cs(z) is the sound speed and zd is the redshift at the end of drag epoch. The sound horizon rd is the standard
ruler to calibrate the BAO observations [26, 28]. It is often imposed a prior of the CMB measurement from Planck
satellite. In this paper, we remove the prior rd from Planck and set rd as a free sampling parameter.
We use the constraints on BAO from the following galaxy surveys: the 6dF Galaxy Survey [33], the SDSS DR7
Main Galaxy sample [34], the BOSS DR12 [35], and eBOSS DR14 quasar [36]. We also include eBOSS DR14 Lyα
[37]. The datasets are listed in Table I.
TABLE I: BAO data measurements included in our analysis. DA, DV and rd are in units of Mpc, while H(z) is in units of km
s−1 Mpc−1.
zeff Measurement Constraint Reference
0.106 rd/DV 0.336± 0.015 [33]
0.15 DV /rd 4.47± 0.17 [34]
0.31 DA/rd 6.29± 0.14 [35]
0.36 DA/rd 7.09± 0.16 [35]
0.40 DA/rd 7.70± 0.16 [35]
0.44 DA/rd 8.20± 0.13 [35]
0.48 DA/rd 8.64± 0.11 [35]
0.52 DA/rd 8.90± 0.12 [35]
0.56 DA/rd 9.16± 0.14 [35]
0.59 DA/rd 9.45± 0.17 [35]
0.64 DA/rd 9.62± 0.22 [35]
0.31 H ∗ rd 11550± 700 [35]
0.36 H ∗ rd 11810± 500 [35]
0.40 H ∗ rd 12120± 300 [35]
0.44 H ∗ rd 12530± 270 [35]
0.48 H ∗ rd 12970± 300 [35]
0.52 H ∗ rd 13940± 390 [35]
0.56 H ∗ rd 13790± 340 [35]
0.59 H ∗ rd 14550± 470 [35]
0.64 H ∗ rd 14600± 440 [35]
1.52 DV /rd 26.00± 0.99 [36]
2.34 DA/rd 11.20± 0.56 [37]
In the current analysis we do not make use of the OHD extracted from the measurement of BAO. We only consider
the OHD from differential age method. The differential age method proposed in Ref. [38]. It can be used to measure
4TABLE II: 31 observational H(z) data obtained by the differential age method.
z H(z) Reference
0.09 69 ± 12 [40]
0.17 83 ± 8 [41]
0.27 77 ± 14 [41]
0.4 95 ± 17 [41]
0.9 117 ± 23 [41]
1.3 168 ± 17 [41]
1.43 177 ± 18 [41]
1.53 140 ± 14 [41]
1.75 202 ± 40 [41]
0.48 97 ± 62 [42]
0.88 90 ± 40 [42]
0.1791 75 ± 4 [43]
0.1993 75 ± 5 [43]
0.3519 83 ± 14 [43]
0.5929 104 ± 13 [43]
0.6797 92 ± 8 [43]
0.7812 105 ± 12 [43]
0.8754 125 ± 17 [43]
1.037 154 ± 20 [43]
0.07 69.0 ± 19.6 [44]
0.12 68.6 ± 26.2 [44]
0.20 72.9 ± 29.6 [44]
0.28 88.8 ± 36.6 [44]
1.363 160 ± 33.6 [45]
1.965 186.5 ± 50.4 [45]
0.3802 83 ± 13.5 [46]
0.4004 77 ± 10.2 [46]
0.4247 87.1 ± 11.2 [46]
0.4497 92.8 ± 12.9 [46]
0.4783 80.9 ± 9 [46]
0.47 89 ± 23 [47]
the expansion rate of the Universe. The quantity measured in differential age method is directly related to the Hubble
parameter
H(z) = − 1
(1 + z)
dz
dt
. (8)
This method can be used to determine Hubble constant H0. Table II shows an updated compilation of OHD accu-
mulating a total of 31 points given by differential age method [39].
Recently, the Advanced LIGO and Virgo detectors observed the gravitational-wave event GW170817 which is a
strong signal from the merger of a binary neutron-star system [21]. The measurement of GW170817 reports
H0 = 70.0
+12.0
−8.0 km s
−1 Mpc−1. (9)
To perform joint analyses of the three data sets, we explore the cosmological parameter space by a likelihood
function L satisfying −2 lnL = χ2. we calculate the χ2 function with the following equation.
χ2 = χ2BAO + χ
2
OHD + χ
2
GW. (10)
All presented results are computed using the public the Monte Carlo Markov Chain public code CosmoMC [48].
IV. RESULTS
In ΛCDM model, we set Ωm, H0 and rd as free parameters. FIG. 1 shows our results, including the contours of
Ωm-H0 and H0-rd for BAO, OHD+GW and BAO+OHD+GW datasets, respectively. We find the OHD+GW datasets
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FIG. 1: The constraints on Ωm-H0 and H0-rd panel in the flat ΛCDM model using the different datasets.
can not constrain rd. Their joint result give the evolution of Hubble parameters at different redshifts. The BAO-only
data cannot limit the value of H0 or rd. Combining BAO with the OHD and GW datasets, we get
H0 = 67.86± 2.01 km s−1 Mpc−1, rd = 147.31+3.35−3.71 Mpc. (11)
These are consistent with Planck result.
The constraints on the parameters of cubic expansion and polynomial expansion are illustrated in FIG. 2 and 3.
The blue contours show 68% and 95% constraints in cubic expansion using the BAO+OHD+GW datasets without
prior on rd. The orange contours show the constraints cubic expansion using the the BAO+OHD+GW datasets
without prior on rd.
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FIG. 2: The constraints on the parameters in cubic expansion using the BAO+OHD+GW datasets.
In FIG. 4, we show the evolutions of expansion histories H(z) on 68% and 95% confidence levels using the joint
BAO+OHD+GW datasets. The ΛCDM model is represented by green region, the cubic expansion is represented by
blue region and polynomial expansion represented by in orange region. The OHD data sets are shown in grey and the
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FIG. 3: The constraints on the parameters in polynomial expansion using the BAO+OHD+GW datasets.
GW170817 is shown in pink. We display the constraints on H0 and rd in three different model without CMB prior
on rd in FIG. 5. For comparison, the gray bands represent the inferred value by the final result of Planck in ΛCDM
model.
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FIG. 4: Reconstruction of H(z) in [km/s/Mpc] obtained from the BAO+OHD+GW datasets in ΛCDM model, cubic expansion
and polynomial expansion, respectively.
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FIG. 5: The 1D marginalized distributions of H0 and rd using the joint datasets BAO+OHD+GW. For comparison, the gray
band represent the 68% confidence interval of the CMB from Planck 2018.
TABLE III: The results in ΛCDM, cubic expansion and polynomial expansion of H(z) using BAO+OHD+GW.
Parameter ΛCDM cubic polynomial
Ωm 0.327
+0.027
−0.032 - -
h1 - 0.60
+1.08
−1.32 -
h2 - −1.99+4.96−4.06 -
h3 - 8.22
+4.73
−5.85 -
q0 - - −0.96+0.25−0.28
s0 - - 3.22
+1.38
−1.40
j0 - - 6.08
+2.52
−6.30
H0 67.86± 2.01 69.66+5.88−6.63 71.13± 2.91
rd 147.31
+3.35
−3.71 148.56
+3.65
−4.08 148.48
+3.73
−3.74
Table III lists the best fit value of parameters inferred from BAO+OHD+GW datasets in ΛCDM, cubic expansion
and polynomial expansion. For the cubic expansion on H(z) without a CMB prior on rd, we obtain
H0 = 69.66
+5.88
−6.63 km s
−1 Mpc−1, rd = 148.56+3.65−4.08 Mpc. (12)
For the polynomial expansion on H(z) without a CMB prior on rd, we obtain
H0 = 71.13± 2.91 km s−1 Mpc−1, rd = 148.48+3.73−3.74 Mpc. (13)
We cannot provide a strict constraint on the Hubble constant in these two model-independent reconstructions, and
the results are consistent with both Planck 2018 and SH0ES 2019. And the sound horizon rd is nicely consistent with
the Planck results as well. In the ΛCDM model and the reconstructions of H(z), the results of rd are basically the
same including the mean and the uncertainty. We can conclude that the sound horizon rd is more robust then H0
for the different parameterizations. In other words, the result of rd is nearly free from dependence on the expansion
history H(z).
V. SUMMARY AND CONCLUSIONS
In this paper, we provide a new model-independent measurement on the Hubble constant using the observational
datasets including the measurements of the Baryon Acoustic Oscillations, observational H(z) data and GW170817.
In order to avoid imposing a prior of sound horizon rd from CMB measurement, we remove the prior from Planck
and set rd as a free sampling parameter in BAO distance measure, and we find H0 = 69.66
+5.88
−6.63 km s
−1 Mpc−1,
rd = 148.56
+3.65
−4.08 Mpc in the cubic expansion of H(z), and H0 = 71.22
+2.90
−2.92 km s
−1 Mpc−1, rd = 148.45+3.55−3.86 Mpc
in the polynomial expansion of H(z). Our results of H0 are consistent with both Planck 2018 and SH0ES 2019. In
addition, we find sound horizon rd are more insensitive than H0 to the reconstruction of the expansion history.
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